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ABSTRACT

Description and use of a Fortran general sparse solver, modified to operate effi-

ciently on a vector processor, is given. CRAY-1 performance of the solver in analysis of

2-D grids is presented.
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1. INTRODUCTION

A. General Sparse Scolvers

The performance of sparse equation solvers on vector processors is highly depen-
dent on the machine instruction set and associated timings. The availability of indirecl
addressing instructions {gather/scatter) is a particularly important issue. When the
processor has a hierarchual or other [lexibie memory organizaticn, such as the CRAY-|,

control of the data flow by assembly language coding may also become important.

Algorithmically, another set of considerations is introduced by the possibility of
achieving high execution rates via equation re-ordering and recognition of favorable
matrix structures. For example, blocking of matrices can reduce data traffic [7];
recognition of global sparsity patterns can also vield a vector solution {9].

B. Generic Vectorized Solver

In view of these opportunities for specialized algorithms, the value of a generic
sparsity algorithm in a common high-level language for vector processors is in some
question. For example, it is knowr that traditional general sparsity codes [2] execute
poorly from a high level language on current vector processors, at rates less than 1/200

of maximum processor performance { 10].

It is the viewpoint of this report that a generic vectorized solver has value in
establishing a baseline performance against which the performance of more special-

ized solvers can be judged.

The following properties are proposed for such a solver.
{a) Consistent with general solvers for scalar processors, the solver should
accept column- cr row-ordered symbolic matrix descriptions, plus permuta-

tion vectors describing row and column re-orderings.

(b) The inner loop of the numeric solution should recognize opportunities to
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exploit vector hardware.

(¢) The solution may be of a two-phase symbolic/numeric nature, where a
symbolic phase preprocesses the matrix structure and provides descriptors
to a solution phase, for possible repeated numerical solutions with the same

matrix structure {2].

II. The LU Map Approach
A. Introduction

The algorithm to be discussed is a variation of the "looped index” or "LU map"”
method of Chuang [1] and Gustavson [2] to vector processors. It was first discussed in
detail in 1977 in [3] and its application to electrical circuit analysis given in [4]. The

following discussion is taken from [3].

B. Symbolic Vectorization
1. Introduction

Given a matrix A and + '-ht hand side B, it is proposed to perform a triangular

factorization in the form
A=LU (1)

where L and U are lower and upper triangular factors with elements /ij and u,, respec-
tively. Column ordered reduction is performed, with /,-,- = 1. The forward and backward

substitution has the form

Ly=g (2)

UxX=Y (3)

where X is the solution vector (For descriptive clarity, pivoting is assumed down the

main diagonal).
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2. Scalar Model

In the work of Gustavson, the pufpose nf the symbolic phase was to determine the
fill charactristics of A, i.e., the exact structure of L and U. This is a costly process that
need be performed only once for a given matrix structure. To acquaint the reader with
this approach, an example using Gustavson's “scalar” map is shown in Table 1. Special
note sheuld be taken of

(1) the fill positions detected by the symbolic phase in the generation of the
LU map;

() the use of map indices in the numeric solution to extract information
from the numeric arrays A, L, and U;

(3) the use of an expanded current column (X array). requiring zeroing,
expansion, and contraction in the loading and storing process;

(4) the opportunities for the use of vector operations in the numeric solution,

as evidenced by the indexed array operations marked "vector".

The following two sections are intended to give insight into the symbolic map gen-
eration by discussion of a proposed vectorized data structure and symbolic operations

on it during the factorization process.
3. Vectorized List Data Structures

Consider a column of a sparse matrix having the non-zero row positions shown in
Figure 1 (before fili). This structure would be described in a conventional ordered list

as
31,32,...36,39,42,43,..47 (2)

Such a list enumerating all row positions will be termed scalar storage. Clearly, the list
can be shortened by identifying sets of contiguous positions {vectors) and retaining

only the first and last row numbers, viz,

TR T rTIR— o —v——v—f-r'f-r-T




C
- 3000 2 3 0 0 I o ! 2
04210 0 4 2 1 l
’rc A= 026053 LU = 0 1/2 5 :-1/2 “ 3
- 01031 0 1/4 -1/10 l27/10| 13/10
20315 2/3 0 3/5 ,13/27) 67/54
current
column
matrix ' completely-factored matrix

A (column-ordered numeric values of A matrix)
3,2,4,2,1,2,6,3,1,3,1,2,3,1,5

from JA  (JA(F) p01nts to beginning of jth column of A in IA)

user 1,3,6,19:,12,16
IA  (column- ordered list of row numbers of A)
1,5,2,3,4,12,3,51,2,4,5,1,3,4,5

_—

(JL (JL(j) points to beginning of jth column of L in IL)
1,1214&6J,7

IL (column-ordere g list of row numbers of L)

gene- 5, _}_ﬂ”4__ , S fil1

rated ﬂ

by Ju (JU(j) points to beginning of jth column of U in 1U)
UU (column- or?ered list of row numbers of U)

2, 2,3,1,3,4 g4

! - (L (column- ordered numeric values of L)

cne

?a?cd 2/3,1/2,1/4,-1/10,3/5,

2ime- §] (column-ordered numeric values of U)

':iC -y _e_v_v_0__

;?;2?- N (ordloeresd numeric volues of dicoonal)

ti()rl 3,4,5 y __ Y _

(a) Example up to factorization of fourth column

Table 1. TIxample of use of LU map in factorization
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N =)

Zero expunded current column (X array)
Load current column with fourth column of A
X(2)=1

X(4)=€] vector
X(5)=1

indiccs, i
from IA

Factorize fourth column

X(3)=X(3)-X(2)*L(2)=0-(1) (1/2)=-1/21
X(4)=X(4)-X(2)*L(3)=3-(1)(1/4)=11/4

X(4)=X(4)-X(3)*L(4)=11/4-(-1/2)(-1/10)=27/10]
X(5)=X(5)-X(3)*L(5)=1-(-1/2)(3/5)=13/10 !

A A ;

vector

indices i |starting
from IL L—-’indices
of pre- from JL
“vious

columns

DI(4)=1/X(4)=10/27
X(5)=X(5)*DI(4)=13/27

Store current column

U(2)=x(2)
U(3)=X(3)
L(6)=X(5)

starting ? ' T indices from
indices i——{IL,IU of
{rom JL,JU current column

(b) Steps in Factorization of Fourth Column

vector

Table 1. Example of use of LU map in factorization

vector
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31,36,39,39,42,47 (5)

This form is natural to looping operations for a scalar processor, where pairs of
numbers are directly usable as upper and lower loop indices. Alternatively, the initial

row position and the vector length could be stored as
31,6,39,1,42.8 (6)

This form is favored by vector processors with hardware that counts down vector arith-

metic operations to terminate a vector operation.

Another choice, preferred when a significant number of singleton (scalar) posi-
tions are present, represents a vector of length one with a minus sign prefixing the row

number as
31,36,—39,42,47 (7)

This latter structure has been adopted in this report.

4, Vector Fills

The multiply-subtract inner loop associated with factorization can result in pro-
duction of fills that must be detected in the symbolic phase. In Figure 1, the process of
multiplying the k* column of L (termed a preceeding or recalled column) by u,, and
subtracting from the 7®* column of L (termed the current column) is depicted. The
zero-valued positions 37,38,40,41, which initially separate two vectors and a scalar, are

filled by the dense vector (36,43) in the k** column.

The symbolic phase produces the LU map by scanning the numbered pairs
representing the vector structure of all the preceeding columns and the current
column to determine zero-valued regions of the latter covered by at least one of the

former. These are the fill positions.
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) Before Fill After Fill
rth column
31 . 31
32 32
k*® column  [33] (31,36) 33
34 34
35 35
36 36 36
2 37 1 ! 37
{ 33 N 38
30 [39] -39 (31,47) [39
' (36,43) [10 . 40
{ L p— 11
f 42 42 42
. 43 43 43
[ 44 44
- 451 (42,47) 45
¥ 46 46
~1 47 47
[ Figure 1. Example of vector fill, with data structure
J’( description (scalar indicated by - sign)
’ .
|
1
p 1. SOFTWARE DESCRIPTION

A. Symbolic preprocessing: Generation of compressed LU maps

q CALL NEWFOR(N,IA,JA,IPC,IPR,IPRI,JL,JU,J,IL,IU,JVA,JVL,JVU,IX,IPOS,LENSC)

* N* is number of equations.

IA(J)"  on entry, IA{(J) contains row number of jth

] ‘ column-ordered matrix element;

e on exit, IA contains compressed vector-scalar
format of same row number information.

JA(J)*  points to first elements in IA of jth column:
JA(J) is changed by NEWFOR. as IA changes; JA(N+1)

3 *User supplied input data to subroutne.




T

e

VV
-

aad

ol *frfrﬁvvymv

e N—

—
)

IpC’

IPR’
IPRI

JL(J)
Ju(J)

1L{J)
U(J)

Jvail)
VU()
JVL(J)
IPOS

LENSC

B. Numeric solution

A St dnee 4 A —
T ~ v - oy -

points to one beyond last element of 1A.
is column permutation vector.

is row permutation vector.
inverse row permutation vector.

points to first element in IL and
U of jth column; dimensioned at least N+:.

contains compressed vector-scalar row
map of L and U

points to first elements in numeric
arrays A, U, and L of jth column;
dimensioned at least N.

scratch arrays of dimension N.

is the maximum number (= 1) of contiguous non-zeros
in a column that are processed in scalar mode.

CALL VMNP (N,JA,IA,JVA A,IUIL,JU,JL, DL U,L,X,JVU,JVL,IPC,IPRI)

(see above argument list for NEWFOR)

A‘
Dl

U

array of numerical values of column-ordered matrix
array of re-ordered diagonal elements of U.

arrays of numerical values of

column-ordered upper (U) and lower (L) triangular

matrices; diagonal not included.

scratch array of dimension N.

C. Forward and back substitution.

CALIL VMBP{N,IU 1L,JU,JL,JVU JVL,DL,U,L,B,X,IPC,IPR)

*User supplied input data Lo subroutine
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(see above argument lists for INEWFOR,VMNP)

B® array of numeric values of right hand side of entry,
and of solution on exit.

IV. PERFORMANCE
Three finite difference grids [5] illustrated in Figure 2 were solved using this code.
The equations were ordered by alternate diagonals { 6], which yields triangular LU fac-

tors of the form

where D, is a diagonal matrix and Uz is profile matrix. Although Uz can be solved
more efficiently [7](8]. this code has the advantage of being in Fortran and simpler to
use.

The performance on the CRAY-1 of the matrix factorizations step is depicted in
Table 2. It should be noted that the execution rate is approximately proportional to
the average vector length during solution. Of course, this is not true asymptotically,

since the rate has a limiting value.

Problem Equations Time(msec) MFLOPS L

#1 391 20 1.59 4.2
#2 507 59 5.39 12.2
#3 2323 652 11.0 27.0

Table 2. CRAY-1 factorization performance summary for three grids of Figure 2;

L is average vector length.
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(b) Problem #2, 23x37, 507 equations
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(c) Problem #3, 55x72, 2323 equations

Figure 2. Irregular grids
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